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A Problem of Ulam on Planar Graphs 
JANOS PACH 
The following problem was raised by S. M. U1am: Does there exist a countable planar graph 
Go such that every countable planar graph is isomorphic to a subgraph of Go? We answer this 
question in the negative. 
1. INTRODUCTION 
R. Rado [6,7] proved that there exists a countable graph which contains every 
countable graph as a spanned subgraph. He called such a graph universal. It is not difficult 
to show (see e.g. [2]) that a countable random graph, whose edges are chosen indepen-
dently with probability!. is surely universal. Solving a problem of E. Howorka [3], in 
[5] we proved the following sharpening of Rado's result: There exists a countable graph 
Go which is universal for isometric embedding, i.e. for every countable graph G there is 
an embedding fP: V(G)-+ V(Go) such that 
do(u, v) = doo(fP(u), fP(v» for every u, v E V(G). 
(do(u, v) denotes the distance of u and v in G.) 
It is natural to put the above question in a more general formulation. Given an arbitrary 
class CO of graphs, one can ask whether or not CO possesses a universal element, that is, 
a graph Go E CO such that every G E CO is isomorphic to a sub graph of Go. 
The aim of the present note is to solve this problem in the case when CO = COpl, the class 
of all countable planar graphs. This settles a problem of S. M. Ulam [10]. We prove the 
following. 
THEOREM 1. There does not exist a countable planar graph Go E COpl such that every 
G E rtipl is isomorphic to a (not necessarily spanned) subgraph of Go. 
In the last section we deal with a generalization of this result. 
2. PROOF OF THEOREM 1 
Define a countable graph HE COpl as follows. Let V(H) = {I, 2, 3, ... } = N, and let a 
pair of vertices (i, j), i < j, be joined by an edge if and only if j = i + 1 or j = i + 3 (see 
Figure 1). 
The points (i, i + 1, i + 4, i + 3) clearly form a quadrilateral (i.e. a cycle of length 4) for 
each i E N. Denote this quadrilateral (i.e. a cycle of length 4) for each i E N. Denote this 
quadrilateral by Qi. 
Let {O, I}N denote the set of all (0, I)-sequences. For every a E {O, I}N define a graph 
Ho: in the following way. Put 
V(Ho:) =: V(H) = N, 
E(Ho:) =: E(H) u{(i, i +4)li E Nand a(i) = O}u{(i + 1, i +3)li E Nand a(i) = I}. 
In other words, Ho: is obtained by drawing in H the diagonal (i, i + 4) or (i + 1, i + 3) of 
Qi' for each i E N, according to the ith position of a. 
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FIGURE 1 
It is now clear that, for every ex E {a, 1}N,H", is a countable planar graph. Further the family 
(1) 
is uncountable. 
Suppose that there exists a universal countable planar graph Go E I§pl, contradicting 
the assertion of the theorem. This means, in particular, that for each ex there is an 
embedding <Pa : N = V (Ha) ~ V (Go) such that 
(2) 
The proof is based on the following observation. 
CLAIM. Given ex, {3 E {a, 1}N, if <p",(i) = <P13(i) for all i:,,; 5, then <Pa == <P13 
PROOF OF THE CLAIM. Instead of (2), we shall use only that <pa and <pp are both 
embeddings of H into Go, i.e. that they satisfy the weaker relations 
(ij}EE(H) ~ (<Pa(i),<p",(j»EE(Go), 
W)EE(H) ~ (<pp(i), <pp(j}}EE(Go). 
The proof is indirect. Suppose that <p",(i) = <pp(i) =: <p(i) for all i < n, but <Pa(n);f: <P13(n). 
We distinguish two cases. 
Case A. <p",(n + 1);f: <pp(n + 1). 
Then Go contains a subdivision of K 3 ,3 (the complete bipartite graph with 3 points in 
each part), whose endpoints are {<p(n -1), <p(n -2), <p(n -3); <p(n -4), <p",(n), <pp(n)} (see 
Figure 2(a». 
Case B. <Pa(n + 1) = <P13(n + 1) =: <p(n + 1). 
Now the set {<p(n -1), <p(n + 1), <p(n - 3); <p(n -4), <Pa(n), <pp(n)} spans a subdivision of 
K 3,3 (see Figure 2(b». 
By Kuratowski's theorem [1] in both cases we find that Go cannot be planar, a 
contradiction. 
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FIGURE 2 
Consider now the family (1). Taking into account that the number of quintuples of 
V(Go) is countable, we obtain that there exists a quintuple (XI. X2, X3, X4, Xs) such that 
(3) 
for infinitely (uncountably) many a E{O, 1}N. 
Let a, (3 E {O, 1}N be two (0, I)-sequences satisfying (3), and assume that they differ at 
the ith position (i> 1 is fixed). Our claim implies that <P,. == <P{J =: <po Let H' denote the 
graph obtained from H by adding the two diagonals (i, i + 4) and (i + 1, i + 3) of Qj. The 
vertices {i, i + 1, i + 2, i + 3, i + 4} span in H' a subdivision of Ks (the complete graph on 
5 points), hence H' is not a planar graph (see Figure 3). But <p = <p,. = <P{J is, by (2) an 
embedding of H' into Go (our hypothetical universal planar graph), which yields that 
G o can not be planar either. This contradiction completes the proof. 
¢(i+4) ¢(i+5) 
¢ (/+3) ¢(i+2) 
FIGURE 3 
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3. GENERALIZATIONS 
First, we note that since Ha are all bipartite graphs, we have the following theorem. 
THEOREM 2. There does not exist a countable planar graph Go such that every countable 
bipartite planar graph is isomorphic to a subgraph of Go. 
Having seen the proof of Theorem 1, one might have the feeling that it is not by 
chance that our graphs Ha are full of short cycles (triangles, quadrilaterals). Perhaps it 
is true that the class wg/ of all countable planar graphs whose girth is larger than g, has 
a universal element, if g is large enough. However, this is not the case, as is demonstrated 
by the following assertion. 
THEOREM 3. Let g ~ 2 be fixed. There does not exist a countable planar graph Go 
whose girth is larger than g, and every G E wg/ is isomorphic to a subgraph of Go. 
PROOF. Let Xii (i E N, 1,;;; j,;;; [g/2] -1) be distinct points, and put 
Xi.[g/2] =: Xi+1.0 (i = 1, 2, 3, ... ). 
Define a graph H g , as follows. 
V(H g) =: {xiili E N, O,;;;j < [gj2]} 
E(Hg) =: {(Xii> Xi,i+l)\i E N, 0,;;; j < g/2]} U {(XiO, Xi+3,o)\i E M, 
Identifying XiO with the ith vertex of the graph H constructed in the proof of Theorem 
1, it is obvious that H g is a subdivision of H. Thus, H g is planar, moreover H g E wg/. 
It is not suprising that for H g the following analogue of the Claim in Section 2 is valid. 
Let Go be an arbitrary planar graph whose girth is larger than g, and let 'P, 1/1 : V(H g )-+ 
V(Go) be two embeddings of H g into Go. 
If 'P(Xi,O) = I/I(Xi,O) for each i,;;; 5, then 'P == 1/1. (4) 
Though the proof of (4) is a little longer than that of the Claim, we leave it to reader. 
The points (XiO, . .. , Xi,[g/2] = Xi+l,O, Xi+4.0 = Xi+3,[g/2], ... ,Xi+3,O) form, in this order, a 
cycle of H g • Denote this cycle by Ci . 
For any a E {O, 1tl, define H~ to be a graph, which can be obtained from H g by the 
addition of certain (subdivided) diagonals of C;s, depending on the ith position of a. 
More exactly, let Yiik be distinct points different from the vertices of H g. Further, let 
V(H~) =: V(H g) U {Yiik li,j EN, 1,;;; k ,;;; [gj2]}, 
E(H~) =: E(Hg) U {Yiik, Yi,i,k+l)\i, j EN, 1,;;; k < [gj2]} 
U {(XiO, Yiil), (Yi,i,[g/2], Xi+4,o)li, j EN, a (i) = O} 
U {(Xi+1,O, Yiil), (Yi.i,[g/2], xi+3,o)li, j EN, a(i) = 1}. 
Suppose now, in contradiction with Theorem 3, that there exists a GoE wg/ such that 
Go contains every G E wg/ as a subgraph. Since H~ E wg" we have for each a E {O, 1}'" 
an embedding 'Pa of H~ into Go. Denote 'P~ the restriction of 'Pa to V(Hg) c V(H~), 
By the same argument as in the proof of Theorem 1, we get that there are two 
(0, 1)-sequences a and (3, satisfying 
'P~(Xi,O) = 'P~(Xi,O) for i = 1, 2, 3, 4, 5, 
Ulam's problem on planar graphs 361 
Applying (4), this yields cP~ == cp~. Assume that a and {3 differ at the ith position, i> 1. 
It is easy to see that there are indices h, h for which 
cpa (XiO) CPa (Yihl) ... CPa (Yih[g/ 21)CPa (Xi+4,O) 
and 
are disjoint diagonals of the cycle CPa (Ci ) = CPI3(Ci) in Go, and in this case the points 
{CPa (Xt,o) = CPI3(Xt,o)lt = i, i + 1, i + 2, i + 3, i + 4} 
span in Go a subdivision of K s, a contradiction. 
For positive results concerning universal graphs consult [4-9]. 
I am highly i_ndebted to Paul Erdos and Edward Howorka for drawing my attention· 
to Ulam's problem. 
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